Abstract. The existence of a primitive free (normal) cubic x 3 − ax 2 + cx − b over a finite field F with arbitrary specified values of a ( = 0) and b (primitive) is guaranteed. This is the most delicate case of a general existence theorem whose proof is thereby completed.
Introduction
Given q, a power of a prime p, let F denote the finite field GF(q) of order q and, for a given positive integer n, let E denote its extension GF(q n ) of degree n. A primitive element of E is a generator of the cyclic group E * . The extension E is also cyclic when viewed as an F G-module, G being the Galois group of E over F , and a generator is called a free element of E over F . The core result linking additive and multiplicative structure -the primitive normal basis theorem -is that there exists α ∈ E, simultaneously primitive and free over F . Existence of such an element for every extension was demonstrated by Lenstra and Schoof [LeSc] (completing work by Carlitz ([Ca1] , [Ca2] ) and Davenport [Da] ). A computer-free proof of the primitive normal basis theorem is given in [CoHu1] .
It is natural to ask whether the result of the Primitive Normal Basis Theorem can be extended by imposing additional conditions on the primitive free element. In particular, we may wish to prescribe the norm or trace of a primitive free element, equivalent to specifying the constant term or the coefficient of x n−1 of the corresponding primitive free polynomial. In [CoHa1] , it was shown that, given an arbitrary nonzero element a ∈ F , there exists a primitive element ω of E, free over F , such that ω has (E, F )-trace a in F , i.e., Tr E/F (ω) := n−1 i=0 ω q i = a. Furthermore, in [CoHa2] it was shown that, given an arbitrary primitive element b of F , there exists a primitive element ω of E, free over F , with (E, F )-norm b in F , i.e., In [CoHa2] , Cohen and Hachenberger posed the following question, known as the PFNT problem. (A similar description of the above problems would be as PFT, PFN respectively, and later we refer to the analogous PNT problem.) Problem 1.1. Given a finite extension E/F of Galois fields, a primitive element b in F and a nonzero element a in F , does there exist a primitive element w ∈ E, free over F , whose (E, F )-norm and trace equal b and a respectively? Equivalently, amongst all polynomials Observe that the problem is meaningful only for n ≥ 3. Clearly the strongest results (and correspondingly those most challenging to prove) occur for small n, since the corresponding polynomials have fewest "degrees of freedom". The PFNT problem was resolved for all n ≥ 5 in [Co] (Theorem 1.1); it was observed that the n = 4 case was delicate while the n = 3 case might prove entirely intractable. The n = 4 case was solved in [CoHu2] , using a modified version of the n ≥ 5 approach.
In what follows, we solve the PFNT problem in the affirmative for n = 3. Expressing the result in terms of polynomials, we show that: for any prime power q, given a, b ∈ F * (b primitive), at least one of the q cubic polynomials x 3 −ax 2 +cx−b (c ∈ F ) is primitive and free. Perhaps surprisingly, there are no exceptions.
We have therefore completed the final stage in solving the general PFNT problem, i.e., we have established the existence of a primitive free element with prescribed norm and trace for every extension. The result is summarized in the following theorem. Theorem 1.2. Let q be a prime power and n ≥ 3 an integer. Then (q, n) is a PFNT pair.
The basic technique ( [CoHa2] ) of expressing the number of elements with the desired properties in terms of Gauss sums over E yields, if applied directly, estimates in terms of the numbers of prime factors of q n − 1 and irreducible factors of x n − 1. This establishes the result for large n but is inadequate when n is small. In [Co] , use of a sieve on both the additive and multiplicative parts produces an expression in terms of the numbers of prime (respectively, irreducible) factors of divisors of q n − 1 (respectively, x n − 1), which are estimated as previously; this approach is more successful in dealing with small n but remains inappropriate for n < 5. In this paper, we exploit the idiosyncrasies of the situation when n = 3 (allowing us to reduce the PFNT problem to the simpler PNT problem in some cases) and, crucially, employ "external" results to estimate appropriate quantities (i.e., we no longer depend exclusively on the estimates derived from the initial Gauss sum formulation). The extreme delicacy of the n = 3 case means that the reductions and improvements which we apply to the basic technique are not merely conveniences, but are vital in establishing the result. Finally, a number of values of q ≤ 256 (34 in all) had to be checked computationally.
Preliminaries
We begin by making some reductions to the problem and formulating the basic theory. The account will be as self-contained as possible, but to avoid excessive repetition, reference will be made to earlier work where appropriate.
By Proposition 4.1 of [CoHa2] , (q, n) is a PFNT pair whenever q − 1 divides n (so we may assume that q = 2, 4, in the case when n = 3).
From now on, suppose that a,b ∈ F , with a = 0 and b a primitive element, are given.
Let m = m(q, n) be the greatest divisor of q n − 1 that is relatively prime to q − 1 (so in particular m divides q n −1 (q−1)(n,q−1) ). In [Co] it was demonstrated that, if w ∈ E has (E, F )-norm b, then to guarantee that w is primitive it suffices to show that w is m-free in E (i.e., that w = v d , where v ∈ E and d|m, implies d = 1).
Analogously for the additive part, let M = M (q, n) be the monic divisor of x n − 1 (over F ) of maximal degree that is prime to x − 1. So M = x n −1
where n = n 0 p l , p = charF and p n 0 . It was shown in [Co] that, if w ∈ E has (nonzero) (E, F )-trace a, then to guarantee that w is free over F it suffices to show that w is M -free in E (i.e., that w = h σ (v), where v ∈ E and h is an F -divisor of M , implies h = 1).
Define N (t, T ) to be the number of elements of E that (i) are t-free (t ∈ Z, t|m),
, T |x n − 1), (iii) have norm b, and (iv) have trace a. Write π(t, T ) for q(q − 1)N (t, T ). Assume throughout that t | m and T |x n − 1 . Next, we express the characteristic functions of the four subsets of E (or E * ) defined by the conditions (i)-(iv) in terms of characters on E or F .
I. The set of w
The characteristic function of the subset of E * comprising elements with norm b is
whereF * denotes the group of multiplicative characters of F * , and the norm N E/F is abbreviated to N .
II. The set of w ∈ E
* with T r E/F (w) = a. The characteristic function of the subset of E comprising elements with trace a is 1 q
where λ is the canonical additive character of F and the trace T r E/F is abbreviated to T .
III.
The set of w ∈ E * that are t-free. The characteristic function for the subset of t-free elements (t|m) of E * is
where
t , η d denotes a character of order d (d|m) inÊ * and, using the notation introduced in [Co] , the integral notation is shorthand for a weighted sum:
IV. The set of w ∈ E that are T -free over F . The characteristic function of the set of T -free elements of E takes the form
where Θ(T ) =
Φ(T )
T , χ is the canonical additive character on E and, as defined in [Co] , {χ δD :
is the set of all additive characters of E of order D (D|x n − 1). Again, the integral notation represents a weighted sum:
Using these characteristic functions, we derive an expression for π(t, T ):
whereν(w) = ν(N (w)) and χ(cw) = λ(cT (w)) (cf. [Co] , equation (2.2)).
We shall now specialise to the case when n = 3. Observe that, if p|n (i.e., if q = 3 k for some k ∈ N), then M = 1 and the PFNT problem reduces to the (nonzero) PNT problem. If q ≡ 2 (mod 3), then M = x 2 + x + 1 is irreducible over F ; by Lemma 3.5 of [Co] , π(m, M ) > 0 if and only if π(m, 1) > 0, and so the PFNT problem reduces to the (nonzero) PNT problem in this case also. Hence only in the case when q ≡ 1 (mod 3) need the full PFNT problem be considered. When
2 ) (where γ ∈ F is such that γ 3 = 1, γ = 1). With regard to the multiplicative part of the problem, we note that all prime divisors of m must be congruent to 1 modulo 6. For, since m|(q 2 + q + 1), an odd number, then m is odd. Furthermore, suppose that for some prime l, l|m. Then
. Thus all prime divisors of m lie in the set {7, 13, 19, 31, 37, . . .}.
Our strategy for proving the PFNT problem for n = 3 is to apply a sieving technique. We shall use the basic sieving inequality introduced in Theorem 3.1 of [Co] . 
Lemma 2.1 (Sieving inequality). For divisors d of m and f of
In the PNT case, where there is no additive component, the sieve will clearly take the following simpler form. 
In the next section, we establish estimates for π(t, 1) (t|m).
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Estimates for integer factors
In this section we obtain new estimates for the number N (t, 1) of t-free elements of E with prescribed norm and trace, where t ∈ N is a divisor of m. We improve upon the estimates of [Co] by applying some deep results of Katz arising from the study of Soto-Andrade sums [Ka] .
Lemma 3.1 ( [Ka] , Theorem 4). Suppose that n ≥ 2. Then
In particular, for n = 3, Lemma 3.1 has the form
Note that this is an improvement, by a factor of approximately
3 , on the estimate
(e := gcd(3, q − 1)), obtainable from Corollary 2.2 of [Co] but useless as a lower bound. It is such increases in accuracy that allow us to solve the n = 3 case where the method of [Co] fails. Next, we estimate N (t, 1) where t|m, t > 1.
Lemma 3.2 ([Ka], Corollary of Theorem 3 bis). Let η be a character of E of order
This lemma is applicable when n = 3 to all 
Proof. By definition, and so
By Lemma 3.2,
and hence
In particular, for n = 3,
The (nonzero) PNT problem
Recall from Section 2 that, if q is a power of 3 or if q ≡ 2 (mod 3), then the PFNT problem reduces to the (nonzero) PNT problem ("nonzero" refers to the fact that the prescribed trace a is nonzero). Hence, to establish the result in these cases, it suffices to show that π(m, 1) > 0.
In order to simplify notation, from this point onwards we shall adopt the convention that all unmarked summation signs have index i running from i = 1 to s (where s is the number of distinct primes dividing m), and that p[i] denotes the ith prime congruent to 1 modulo 6, i.e., the ith element of the set {7, 13, 19, 31, 37, . . .}.
The following lemma provides a useful upper bound for W (t). (The proof is obvious using multiplicativity.)
Proof. Apply the bounds of Lemma 3.1 and Corollary 3.3 directly, without sieving. Then
and so π(m, 1) > 0 whenever
Using the approximation of Lemma 4.1 for W (m), (q, 3) is a PNT pair whenever
where c m = 3.08. This inequality holds for integers q ≥ 622,346, and so establishes the result.
The following simplification applies in the case when 3|q and m is prime. 
and so certainly whenever Proof. Apply the sieve with atomic divisors. Using the results of Corollary 3.3, π(m, 1) > 0 whenever
Replacing the right-hand side of (4.6) by a larger quantity depending solely on s, we see that the desired result certainly holds when Observe that, since C s is a constant for fixed s and increases as s increases (for all s such that
( 
The PFNT problem
In this section, the full PFNT problem will be solved for the case when q ≡ 1 (mod 3).
Denote by L a linear factor of M (= x 2 + x + 1); L may take the values x − γ or x − γ 2 , where γ ∈ F is such that γ 3 = 1, γ = 1. We begin by deriving estimates for the number N (1, L) of L-free elements of E with prescribed norm and trace. For economy of calculation, it is in fact desirable to consider the difference between π(1, L) and θ(L)π(1, 1) (in some sense the "error term"). We will prove the following lemma.
Lemma 5.1. Let q ≡ 1 (mod 3). Then 
Lemma 5.2. If D|x
Proof. Set R = q n/k . So for the canonical character 
Hence χ(w R − w) = 1 for all w ∈ E. So for any D|x
Lemma 5.3. Suppose q ≡ 1 (mod 3), and let γ ∈ GF(q) be such that γ 3 = 1, γ = 1.
Proof.
This accounts for all characters with F -order x − γ.
(ii) Replace γ by γ 2 in (i).
We are now ready to prove Lemma 5.1. Throughout this discussion, G n (η) (where η is a multiplicative character on F * q n ) will denote a Gauss sum in F * q n . We will use the notation J a (ν 1 , . . . , ν k ) (where a ∈ F , ν 1 , . . . , ν k are multiplicative characters of F , k ∈ N) to denote the Jacobi sum
For extra background material, the reader may consult texts such as [LiNi] .
Proof of Lemma 5.1. By equation (
where δ L runs through all Φ(L) elements of ∆ L (i.e., χ δL runs through all additive characters of E of order L). Separating the term for which c = 0, we have
For the first term on the right side of (5.3), using the fact that δ L = 0, replace w by w δL to obtain
Since
and the inner sum equals 0 unless ν * (:=ν| F ) is trivial, when it equals q − 1.
So the first term of (5.3) can be simplified to
For the second term on the right side of (5.3) (i.e., the part for which
Consider the inner sum c∈F * λ(ac)ν (c) of (5.4); in the case when ν 3 = ν 1 , this reduces to a sum over additive characters of F , while for ν 3 = ν 1 , a Gauss sum over F is obtained. Thus the second term of (5.3) may be expanded as 
where c is a non-cube in F . In fact, {δ x−γ } ∪ {δ x−γ 2 } = {e ∈ E: e 3(q−1) = 1, e (q−1) = 1} = {cube roots of c, c a non-cube in F }, a set of cardinality 2(q − 1). In the case when L = x − γ, using Lemma 5.3 we get
The same values are obtained when
by L 1 and L 2 respectively. Let ν 3 ∈F * be an arbitrary character of degree 3. Then 
Consider S 1 (as given by (5.5)). It may be written in the form
say, where
Since each Jacobi sum has absolute value √ q,
Now consider S 2 (as given by (5.6)). For a given ν with ν 3 = ν 1 , ν = ν 1 , the inner sum σ 2 has the form
where ν 3 is an arbitrary character of order 3. Without loss of generality, we may set ν 3 := ν in our expression for σ 2 :
Combining inequalities (5.7) and (5.8), we get
which proves the result.
The following is a sufficient condition for (q, 3) to be a PFNT pair.
Lemma 5.4. Suppose q ≡ 1 (mod 3). Then (q, 3) is a PFNT pair whenever
(5.9)
Proof. Apply the sieve in the following form:
Using the lower bounds for π(m, 1) and the π(1, L i ) (i = 1, 2) from inequalities , and so 3W (m)( 
i.e., if
Take c m = 3.08 and set d = 7.70 in inequality (5.13). Then inequality (5.13) holds for all q ≥ 252,950. In order to establish the result for smaller prime powers q, we will use the following sufficient condition, which arises from the application of the sieve with atomic divisors.
Once again we shall adopt the convention that all unmarked summation signs have index i running from i = 1 to s. 
, and so, using Lemma 3.1, certainly if (5.18)
Observe that the inequalities of Lemma 5.7 are of use only when the denominator 1 − 1 pi − 3 q > 0; in particular, it is necessary to have 1 pi < 1. However, since all prime powers q that are congruent to 1 modulo 3 and less than 252,950 have s ≤ 7, and all prime divisors of m are congruent to 1 modulo 6, the denominator is always positive in this case. 
). Using this lower bound in Lemma 5.7, the desired result holds if
An upper bound is required for , and, for fixed s, the function of q on the right side of (5.21) clearly decreases as q increases. Hence to prove for a given s that the result is true for q ≥ q 0 (some q 0 ∈ N), it is sufficient to show that inequality (5.21) holds for q = q 0 . The following lemma allows us to simplify our computational strategy in some cases for which the PFNT problem reduces to the PNT. (1, b) , b nonzero). Since the condition involved is stronger than the PNT condition, this simplification is only of practical use in those cases when q − 1 is prime, or φ(q − 1) is not too much smaller than q − 1. However, it is successful in dealing with all q ≡ 1 (mod 3) up to q = 32. For larger values of q, we must search E explicitly.
In the PNT case, the desired result holds without exception for all q ≡ 1 (mod 3) remaining from the previous sections.
As an illustration, we display the relevant cubic polynomials for the case when q = 5. The following table lists eight cubic polynomials over F = GF(5) whose roots α ∈ E = GF(5 3 ) are primitive and free with norm and trace equal to b and a respectively.
